We calculate the logarithmic moment of the phonon frequency spectrum at a single density for 29 monatomic liquids using two methods, both suggested by Wallace's theory of liquid dynamics: The first method relies on liquid entropy data, the second on neutron scattering data in the crystal phase. This theory predicts that for a class of elements called "normal melters," including all 29 of these materials, the two estimates should closely match, and we find that they agree to within a few percent. We also perform the same calculations for four "anomalous melters," for which we expect the two estimates to differ markedly; we find that they disagree by factors almost up to three. From our results we conclude that the liquid entropy estimates of the logarithmic moment, applicable both to normal and anomalous melters, are trustworthy to a few percent, which makes them reliable for use in estimates of various liquid transport coefficients.
Introduction
Moments of the phonon frequency distribution of systems in the liquid phase appear to set the timescales on which certain correlation functions decay, thus affecting the values of the transport coefficients to which they correspond by Green-Kubo relations [1, 2] ; so determining these coefficients requires the reliable estimation of the relevant moments. The comprehensive theory of monatomic liquids proposed by Wallace (see [3] for a review) allows one to estimate one of these moments, the logarithmic moment Θ l 0 , from experimental measurements of the liquid entropy, but for these applications one would like greater confidence that this estimate is a reliable one. In the first paper on this theory [4] , it was shown that the resulting expression for entropy together with the estimate Θ l 0 ≈ Θ c 0 , where Θ c 0 is the corresponding moment in the crystal phase (this estimate is explained below) reproduced the temperature dependence of the entropy for six elements to an accuracy of roughly 2% from melt to three times the melting temperature, supporting both the general form for the entropy and the approximation for Θ l 0 . However, for most materials entropy data well above melting are unavailable, and one must ask a different question: If one computes Θ l 0 from only a single entropy data point near melting, how reliable is the result? We will argue that this estimate is very good by considering data for 29 "normal melters" (elements like the six in [4] , for which the theory claims Θ c 0 ≈ Θ l 0 is a good approximation), showing that Θ l 0 computed from entropy data at the density of the liquid at melt at 1 bar closely matches Θ c 0 computed at the same density from neutron scattering data and other sources. The internal consistency of these two ways of estimating Θ l 0 for normal melters, both provided by the same theory but utilizing independent sources of data, increases our confidence that the entropy estimates of Θ l 0 will be trustworthy even for elements that are not normal melters, and thus aren't expected to satisfy the Θ c 0 ≈ Θ l 0 approximation. In Section 2 we use this theory to deduce the two ways of estimating Θ l 0 , one of which applies generally and one of which applies only to normal melters, and in Section 3 we use experimental data to compute the two estimates, finding that they match to 7%. Finally, in Section 4 we consider the significance of these results.
2 Two estimates of Θ l 0 for normal melters
The theory of liquid dynamics that we use here was developed in response to two trends in the experimental data for monatomic liquids at melt [3] : (1) The nuclear contribution to the specific heat tends to lie near 3k per atom in both crystal and liquid phases; and (2) the entropy of melting data at constant density naturally divide the liquids into two classes: the "nor-mal melters," for which the entropy clusters around 0.8k per atom, and the "anomalous melters," for which the entropy of melting is much higher and which undergo significant electronic structure change (e.g., semimetal crystal to metal liquid) upon melting. The specific heat results suggest that the liquid undergoes collective harmonic motion much as the crystal does, and the entropy of melting data are naturally interpreted to show that the liquid, as opposed to the crystal, moves among w N potential valleys, where N is the number of atoms and ln w ≈ 0.8, thus contributing an extra configurational entropy on melting, with the excess for the anomalous melters being due to the electronic structure change. These observations led to two hypotheses:
1. The potential landscape in which the atoms move in the liquid phase is dominated by approximately w N intersecting nearly-harmonic valleys, and the atomic motion is a combination of oscillations in one of these valleys and nearly instantaneous transitions from one valley to another called transits. Transits are responsible for diffusion.
2. The valleys fall into three categories: the few crystalline valleys in which the system exists as a single crystal, the more numerous symmetric valleys corresponding to configurations that retain some of the crystal symmetry, and the overwhelmingly numerically dominant random valleys, which retain no remnant symmetry and which all have the same depth and shape (and thus the same phonon frequency spectrum) in the large N limit.
These hypotheses have been extensively tested (as summarized in [3] ) and can be used to calculate thermodynamic quantities such as entropy per atom; in the classical limit, where most liquids reside, the result is (Section 4 of [3] )
where S The entropy per atom of the crystal phase in the classical limit is calculated from lattice dynamics to be
where S c anh , S c el , and S c mag represent the contributions from anharmonicity, the electrons, and magnetic effects, respectively, so the entropy of melting at constant density ∆S is given by
S l bdy is omitted here because boundary effects are non-negligible only at temperatures well above melting. For a normal melter, the lack of significant change in electronic structure suggests that S l el ≈ S c el , and assuming that anharmonic and magnetic effects are small (or at least comparable in the two phases), we predict ∆S ≈ k ln w + 3k ln(Θ c 0 /Θ l 0 ). Experiment shows that for the normal melters ∆S = 0.8k with a small scatter, which strongly suggests that ln w = 0.8 (since w is the only available parameter that is not strongly material-dependent) and that Θ 
Comparison of experimental estimates
Let ρ lm be the density of the liquid at melt at 1 bar (with the exception of Ar; see the Appendix). We will compare Θ c 0 (ρ lm ) and Θ l 0 (ρ lm ) for 29 normal melters for which accurate data are available.
To compute Θ c 0 (ρ lm ), we consult neutron scattering or other data which give us Θ c 0 (ρ meas ), where ρ meas is some density not too far from ρ lm , and γ * , the high-temperature Grüneisen parameter. From these two quantities one can calculate Θ c 0 (ρ lm ) from the relation
which is highly accurate as long as |ρ lm − ρ meas | is not too large.
To compute Θ l 0 (ρ lm ) from liquid entropy data, we first define the harmonic contribution to the entropy S l harm by
where Θ is perfectly reasonable here, since the Θ l 2 term contributes less than 1% to the entropy at the values of T m we consider, and we argue that the anharmonic and magnetic terms in the liquid at melt will be roughly equal to their counterparts in the crystal just before melt. (Recall that these two terms can be calculated for the crystal, because we have independent data for Θ c 0 and thus we can determine the harmonic contribution to the crystal entropy directly; once the electronic term is also found from theory, the anharmonic and magnetic parts are simply what's left.) The electronic term can be calculated different ways for different materials; see the Appendix for a discussion of how S l el was calculated for the materials here.
These calculations were performed for 29 normal melters, using the data collected in the Appendix, and the results are shown in Table 1 . In Figure  1 Table 1 . The seven elements indicated by solid circles, all but one of which are transition metals, deviate systematically from the line Θ l 0 (ρ lm ) = Θ c 0 (ρ lm ); we believe this is due either to these materials being weakly anomalous melters or to uncertainties in the entropy data.
around the line to good approximation; second, we note that most of the scatter is due to the systematic deviation of the seven materials indicated by solid circles, all but one of which (Mg) are transition metals. This could be due either to the larger uncertainty in the experimental entropy results for the transition metals or to the fact that some of these materials are weakly anomalous melters (the entropy of melting data for Mo and W particularly suggest this [5] ). Our data for all 29 materials show Table 2 : Θ c 0 (ρ lm ) and Θ l 0 (ρ lm ) for four anomalous melters, together with their ratios. As expected, none of the ratios are near unity, reflecting the changes in the interatomic forces (and thus phonon frequencies) that occur at melt for these materials.
roughly 3% (at most 4%) errors in this ratio; so as the theory predicts, the two are equal to a high degree of approximation, and about half of the difference is accounted for by experimental error.
In contrast, if we consider analogous calculations for four anomalous melters, we find the results shown in Table 2 . The change in electronic structure at melt results in great changes in the interatomic forces, resulting in large changes in the phonon frequencies. For these materials, the approximation Θ l 0 = Θ c 0 would be grossly inaccurate; but as these elements are nearly-free-electron metals in the liquid phase, we expect the calculation of Θ l 0 from entropy data to be quite reliable.
Conclusions
The theory used here gives us two ways to calculate Θ l 0 , one using liquid entropy data and valid for all monatomic liquids, and the other using crystal neutron scattering data and applicable only to "normal melters," for which the crystal and liquid values of Θ 0 as a function of density are expected to agree approximately. This expectation is amply fulfilled by data from 29 normal melters, which show Θ 
which agrees very well with the experimental results for Na from Table 1 . These results, supporting the internal consistency of this theory, suggest that estimates of Θ l 0 from liquid entropy data for anomalous melters, such as those in Table 2 , will be equally trustworthy; coupled with the theoretical result given in Eq. (8), they also show that theoretical methods have advanced to the point that a priori calculations of Θ l 0 , which will be important for the computation of transport coefficients in the liquid, are also reliable.
Appendix: Data and Sources
All of the data used to calculate Θ l 0 (ρ lm ) and Θ c 0 (ρ lm ) for the 33 elements we consider are recorded in Table 3 . The entry in the "Structure" column indicates the structure of the crystal at melt; ρ meas is the density at which Θ c 0 was measured; γ * is the high-T Grüneisen parameter; ρ lm is the density of the liquid at melt at 1 bar (except for Ar; see below); T m is the corresponding melting temperature; S Most of these data are taken from information collected in various tables in [5] . For example, the structure information is taken from Table 19 . 1, pp. 191ff . Values of Θ c 0 (ρ meas ) for materials in the first group were determined using crystal entropy data collected in Problem 19.8, p. 207 (neutron scattering data is either unavailable or was taken in a phase other than the one from which the crystal melts); the second, third, and fourth groups were determined using neutron scattering data recorded in Table 15 .1, p. 153; and the final two elements were handled by taking high-T neutron scattering data from [8, 9] and inferring Θ c 0 at T m (see Figure 9 of [7] ). These renormalized Θ Table 1 ] suggests that the crystal and liquid phases have approximately the same anharmonicity; this is also suggested by the specific heat data from Figure 1 of [3] .) The corresponding values of ρ meas for all materials were calculated from the experimental temperatures using extensive tables of density-temperature data at 1 bar for the elements.
The γ * data are also found in Tables 1 and 2 . The units of the data, sources and meanings of the various headings and symbols are discussed in the text of the Appendix. unavailable), and the ρ lm , T m , and S Eight materials which have been studied in connection with melting previously but are not included in this analysis are Kr and Xe, for which there are no entropy data along the melt curve at sufficiently high compression (so they cannot be treated as Ar was); and Fe, Th, Sb, Bi, Ba, and Ca, for which there are no reliable calculations or estimates of S l el . This is a significant problem with Fe and Th, for which S l el is expected to be large; it is not such a difficulty with the remaining four, but when combined with various other problems with their data (for example, neutron scattering was done on Ca in the fcc phase while the crystal actually melts from bcc), it is proper to neglect them here as well.
